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Abstract 

In a recent paper [arXiv: 1206.49 16J by T. Padmanabhan, it was argued that our uni- 
verse provides an ideal setup to stress the issue that cosmic space is emergent as cosmic 
time progresses and that the expansion of the universe is due to the difference between 
the number of degrees of freedom on a holographic surface and the one in the emerged 
bulk. In this note following this proposal we obtain the Friedmann equation of a higher 
dimensional Friedmann-Robertson- Walker universe. By properly modifying the volume 
increase and the number of degrees of freedom on the holographic surface from the entropy 
formulas of black hole in the Gauss-Bonnet gravity and more general Lovelock gravity, 
we also get corresponding dynamical equations of the universe in those gravity theories. 
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It is generally believed that our spacetime is emergent. However, it is clearly quite 
difficult to build spacetime structure from some suitably defined non-geometric variables. 
On the other hand, according to the equivalence principle, gravity is just the dynamics of 
spacetime. This implies that gravity is also an emergent phenomenon. Indeed, the idea 
that gravity appears as an emergent phenomenon can date back to the proposal made by 
Sakharov in 1967 [TJ. In this so-called induced gravity, spacetime background emerges as 
a mean field approximation of some underlying microscopic degrees of freedom, similar 
to hydrodynamics or continuum elasticity theory from molecular physics |2J. Various 
aspects of the recent research on the relation between thermodynamics and gravitational 
dynamics support such a point of view (for a review, see [3]). 

In the studies of the connection between thermodynamics and gravitational dynamics, 
a lot of attention is payed on how the gravitational field equations appear from the 
thermodynamical viewpoint. In 1995, Jacobson [I] derived Einstein's field equations by 
employing the fundamental Clausius relation 5Q = TdS together with the equivalence 
principle. Here the key idea is to demand that this relation holds for all the local Rindler 
causal horizon through each spacetime point, with SQ and T interpreted as the energy flux 
and Unruh temperature seen by an accelerated observer just inside the horizon. In this 
way, Einsteins equation is nothing but an equation of state of spacetime. The Clausius 
relation also arises in the interpretation of gravitational field equations as an entropy 
balance law, 5S m = SS gTlw , across a null surface [5]. 

In a paper by Verlinde [6], the viewpoint of gravity being not a fundamental interaction 
has been further advocated. Gravity is explained as an entropic force caused by changes 
in the information associated with the positions of material bodies. With the assumption 
of the entropic force together with the Unruh temperature [7j, Verlinde is able to derive 
the second law of Newton; with the assumption of the entropic force together with the 
holographic principle and the equipartition law of energy he obtains the Newton's law of 
gravitation. Similar observations were also made by Padmanabhan [8]. He observed that 
the equipartition law of energy for the horizon degrees of freedom combining with the 
thermodynamic relation S = E/2T, also leads to the Newton's law of gravity, here S and 
T are thermodynamic entropy and temperature associated with the horizon and E is the 
active gravitational mass producing the gravitational acceleration in the spacetime [9]. 

In the setting of a Friedmann- Robertson- Walker (FRW) universe, applying the Clauius 
relation to the apparent horizon of the universe with any spatial curvature, one is able 
to derive the Friedmann equations describing the dynamics of the universe, not only in 
the Einstein's general relativity, but also in the Gauss-Bonnet gravity and more general 
Lovelock gravity |10j . In this derivation, one assumes that there is a Hawking temperature 
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T = 1/2TTTA associated with the apparent horizon [TT], here is the apparent horizon 
radius. While in the entropic force picture of gravity, combining the holographic principle 
with the equipartition law of energy and the Unruh temperature, one also can get the 
Friedmann equations of the FRW universe [12], in which the Komar mass plays the role 
as the source to produce the gravitational field. 

Note that in these studies, one discusses the gravitational field equations as the equa- 
tions of emergent phenomenon, assuming the existence of spacetime manifold. Clearly it 
is quite difficult to stress the issue for "spacetime itself as an emergent structure" . Time 
is a parameter to describe the evolution of some dynamical variables. It is therefore even 
more difficult conceptually to think of time as being emergent from some pre-geometric 
variables, compared to space. Very recently, Padmanabhan [T3] argued that our universe 
provides a setup to stress the issue that the cosmic space is emergent as the cosmic time 
progresses, because the cosmic time of a geodesic observer plays a special role, to which 
the cosmic microwave background radiation is homogeneous and isotropic. He argued 
that the expansion of the universe is due to the difference between the surface degrees of 
freedom and the bulk degrees of freedom in a region of emerged space and successfully 
derived the dynamical equation of a FRW universe. In this paper we would like to fur- 
ther elaborate on this issue and generalize to the Gauss-Bonnet gravity and more general 
Lovelcok gravity. 

Let us start with the Padmanabhan's observation. He notices that for a pure de Sitter 
universe with Hubble constant H, the holographic principle can be expressed in terms of 
the form 

N SUI = N hulk , (1) 

where N gm denotes the number of degrees of freedom on the spherical surface with Hubble 
radius 1/H, N SUT = Atc/L 2 H 2 , where L p is the Planck length, while the bulk degrees of 
freedom obey the equipartition law of energy, iV bulk = \E\/(1/2)T, in this paper we 
set ks — 1- If one takes the temperature to be the Hawking temperature T = H/2tt 
associated with the Hubble horizon and E to be the Komar energy |(p + 3p)|V contained 
inside the Hubble volume V = 4n/3H 3 , and considers p = —p for the de Sitter space, one 
immediately from (TT]) has H 2 = 8nL 2 p/3, which shows the consistence between (TTJ and 
Einstein's field equations. 

With the equality (JTJ, one has \E\ = (l/2)iV sur T, which is the standard equipartition 
law. This equipartition law in the gravity context was first found for static spacetime in 
[9]. In the entropic force picture, the equipartition law is also used to describe the degrees 
of freedom on the holographic screen [6]. In [13J, Padmanabhan called the equality (TjQ) 
the holographic equipartition because it relates the effective degrees of freedom residing in 
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the bulk to the degrees of freedom on the boundary surface. 

The validity of the holographic equipartition (JTJ) for the pure de Sitter leads Padman- 
abhan to further consider our real universe, which is asymptotically de Sitter, as shown 
by a lot of astronomical observations. The main idea is to regard that the expansion of 
the universe, conceptually equivalent to the emergence of space, is being derived towards 
the holographic equipartition, and the basic law governing the emergence of space must 
relate the emergence of space to the different between the number of degrees of freedom 
in the holographic surface and the one in the emerged bulk |13] . He proposed that in an 
infinitesimal interval dt of cosmic time, the increase dV of the cosmic volume is given by 

^ = L 2 p (N SUI -N hulk ), (2) 

Putting the cosmic volume V = 4ir/3H 3 , the degrees of freedom on the holographic 
boundary N SVLT = 4n / LpH 2 , the temperature T = H/2ir, and the degrees of freedom in 
the bulk iVbuik given in terms of the Komar energy in the bulk, he arrived at 
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This is nothing, but the standard dynamical equation of a FRW universe filled by perfect 
fluid with energy density p and pressure p. With the continuity equation, p+3H (p+p) = 0, 
integrating flS]), one can get the Friedmann equation 

where k is an integration constant, which can be interpreted as the spatial curvature of 
the FRW universe. 

One can see from ([1]) and (T5]) the necessary of the existence of the cosmological con- 
stant in order to have the asymptotic holographic equipartition [13]. The existence of 
the cosmological constant derives our universe towards the state with the holographic 
equipartition. Clearly without the cosmological constant, such a state cannot be reached. 
In this note we will not further discuss the implications of ([2]) for dark energy, instead we 
will pay attention on the dynamical equations of the universe from ([2]). 

We now first generalize the above derivation process of the dynamical equation of the 
universe to the higher (n + l)-dimensional case with n > 3. In this case the number of 
degrees of freedom on the holographic surface is given by [6] 

N Bm = <xA/L n -\ (5) 
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where A = nfl n /H n 1 and a = (n — l)/2(n — 2) with Q n being the volume of an n-sphere 
with unit radius. In this case, we make a minor modification for the proposal ([2]) as 

a^ = L;- 1 (N SUT -N hnlk ), (6) 
where the volume V = Q n /H n . In the case of (n + l)-dimensions, the bulk Komar energy 

is H2] 

_ (n-2)p + np 

-C/Komar — ~ V, {< 

n — 2 

and then the bulk degrees of freedom read 

2-E'Komar , % 



iV, 



bulk 



T 



where we have added a minus sign in front of ^Komar, in order to have iVb u ik > 0, which 
makes sense only in the accelerating phase with (n — 2)p + np < [15] . For normal 
matters, one needs not the minus sign. Substituting and ([8]) into with temperature 
T = H/2tt, we obtain 



a _ 8irL™- 1 



[(n-2)p + np\, (9) 
a n(n — 1) 

With the continuity equation in {n + 1) dimensions, p + nH(p + p) =0, integrating ([§]) 
yields the standard Friedmann equation 

2 k 167TL™- 1 / 
H + -= ( U P- 10 

It is direct to see that when n = 3, our equations ([9]) and (fTUj) reduce to the ones ([3j) and 
01]), respectively. Here once again, k is an integration constant. 

Note that and (JTUJ) are dynamical equations of a FRW universe in the Einstein's 
general relativity. It is therefore quite interesting to see whether the above procedure 
works or not in the Gauss-Bonnet gravity and more general Lovelock gravity, the latter is 
a natural generalization of general relativity in higher dimensional spacetime. It is well- 
known that the entropy formula of black hole in the Gauss-Bonnet gravity no longer obeys 
the Bekenstein-Hawking area formula, instead it has an additional correction term [T3] 

where A + = nVL n r^T l is the horizon area of the black hole with horizon radius r + and a 
is the Gauss-Bonnet coefficient with dimension [length] 2 . Applying the entropy formula 
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(TTTj) to the holographic surface in our setup, we assume that the effective area of the 
holographic surface is 

r / n — 1 2oi \ , . 

A = A[1+ --— , (12) 



n-3H- 2 , 

with A = nVt n / H n ~ l . Based on the relation between the volume V and the area A of an 
n-sphere with radius R, one has 

^ - - A. (13) 

Then we further assume that the effective volume increase in the case of Gauss-Bonnet 
gravity satisfies 

dV 1 dA 

(14) 



dt in - l)H dt 



^(1 + 2^)^, (15) 



H 



; (H 2 + aH 4 )\ (16) 



2H n + 2 

We suppose from f lT6|) that the number of degrees of freedom on the holographic surface 
is given by 

^ = -J^^(H 2 + <iH% (17) 

p 

and in this case, the bulk degrees of freedom is still given by OH])- Putting (TT51) and ( TT7j) 
into (jHJ), we obtain 

87rL n_1 

(1 + 2ai/ 2 )if + (1 + a# 2 )# 2 = [(n - 2)p + np] . (18) 

n[n — 1) 

Integrating (ITS]) with the continuity equation, we arrive at 

ff2 + M 4 = l!^ p . (19) 

n(n — 1) 

Here we have set the integration constant to zero. This is nothing, but corresponding 
Friedmann equation of spatial flat FRW universe in the Gauss-Bonnet gravity [10]. Note 
that if one does not set the integration constant to zero, unlike the case in the Einstein's 
general relativity, it cannot be explained as the spatial curvature of the universe. 

In the more general Lovelcok gravity, the entropy of black hole has the following 
form [15] 

o z(n-l) 



fr{ (n - 2i + 1) 
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where q are some coefficients in front of Euler density terms in the theory and m = [n/2]. 
We suppose from the entropy expression that the effective area of the holographic surface 
is 

A= rrfj" i(n-l) 2t _ 2 

H"- 1 £J (n - 2i + 1) V ; 



the increase of the effective volume is then given by 

dV 1 dA 



dt (n - l)H dt 

nfl 




2H n + 2 



(22) 
(23) 
(24) 



In this case, we assume from (1241) that the number of the degrees of freedom on the 
holographic surface is 

11 i=l 

Substituting f[23]) and f[25]) into ([6]) together with the bulk degrees of freedom ([8]), we 
arrive at 

(m \ m o_rn-l 

E ^H 2l ~ 2 }H + E cW 21 = t [(» " 2)P + ^] . (26) 

i=l / i=l n \ n -v 

Integrating this equation with help of the continuity equation yields 

fri n(n-l) 

where we have also set the integration constant to vanish. This equation is just corre- 
sponding Friedmann equation of a flat FRW universe in the Lovelock gravity [10] . Note 
that here like the case of the Gauss-Bonnet gravity, the integration constant cannot be 
interpreted as the spatial curvature of the universe. 

To summarize, in this short note we have investigated the idea recently made by 
Padmanabhan [13] that the emergence of space and expansion of the universe are due to 
the difference between the number of degrees of freedom on the holographic surface and 
the one in the emerged bulk. In the setup of a higher dimensional FRW universe, we have 
indeed derived the dynamical equations of the universe. From the entropy formulas of 
black hole in the Gauss-Bonnet gravity and more general Lovelock gravity, by properly 
modifying the volume increase of the emerged space and the number of degrees of freedom 
on the holographic surface, we have also obtained correct Friedmann equations of a flat 
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FRW universe in those gravity theories. Finally we would like to mention two pints here. 
One is that in the case of Einstein's general relativity, from the acceleration equation 
([9]) to the Friedmann equation ffTOl) . the integration constant k can be interpreted as the 
spatial curvature of the FRW universe, but it is no longer valid in the cases of Gauss- 
Bonnet gravity and Lovelock gravity. The other is that in the setting of this paper the 
expression of the number of degrees of freedom on the holographic surface is not simply 
the same as the one of black hole entropy, although they closely relate each other, in the 
Gauss-Bonnet gravity and Lovelock gravity. These are worthy further to investigate. 
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